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Abstract. This paper examines the fourth period of Kartvelian population transformation,
during which Laz and Mingrelian languages emerged from the Zan linguistic base, leading to
the formation of four Kartvelian languages: Georgian, Laz, Mingrelian, and Svan. This process
involves internal linguistic-cultural interactions and external influences (assimilation,
dissimilation).

A mathematical model, formulated as a four-dimensional nonlinear dynamic system,
describes the interactions and demographic changes of Kartvelian populations, incorporating
demographic parameters, linguistic-cultural interactions, and external factors (wars, migrations,
epidemics).

The model enables analysis of historical development. Methods for finding first integrals
in four- and three-dimensional systems are discussed. Using two first integrals, the system is
reduced to a two-dimensional system, capturing Georgian-Laz linguistic dynamics, with

Mingrelian and Svan population sizes derived algebraically.
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Theorems establish the coexistence dynamics of Georgian, Laz, Mingrelian, and Svan
populations. The Poincaré-Bendixson theorem confirms closed integral trajectories, ensuring

no Kartvelian language group becomes extinct.

Keywords: Mathematical model, transformation of the Proto-Kartvelian population,
Georgian, Laz, Mingrelian, and Svan populations and languages, mathematical models, Lotka-
Volterra system, analytical solution, first integrals, four-dimensional hyperspace, Poincaré—

Bendixson theorem.

Introduction. The study of a range of social processes - such as information warfare,
assimilation of peoples, globalization, predicting political election results, resolution of political
conflicts through economic cooperation, secession of regions, territorial integrity of states, etc.
- is of great theoretical and practical interest. From our point of view, the only scientific
approach for adequately and quantitatively describing these pressing issues is the creation of
mathematical models and the study of the corresponding mathematical problems [1-8].

Synergetics gave a powerful push using of mathematical models in social sciences.
Mathematical modeling of social processes compared to modeling in natural science is more
original due to the complexity of model justifications.

From a historical point of view, we see mathematical modeling as an innovative approach
to describe the area of distribution of the Proto-Kartvelian speaking population and the process
of further transformation of the language, determining the number of the population speaking
the corresponding language in each time period.

To describe the process of transformation of the Proto-Kartvelian population into four
populations speaking four different languages, Georgian, Mengrelian, Laz and Svan, we
divided mathematical modeling into four separate stages: the first stage (L-XXV BC), at the
end of which there is a division of the Proto-Kartvelian population into three parts: the first part
emigrated to Europe and gradually completely or partially assimilated, the second part speaking
the Svan language, the third part speaking the Colchian-Georgian language; second stage
(XXV-X century BC), at the end of which the Colchian-Georgian population fell into two parts:
the Colchian and Georgian populations; the third stage (X—I century BC. e.), at the end of which
the Colchian population broke up into Mengrelian and Laz; moreover, in (X-III century BC)
the Colchian population prevailed over others, and in (III-I century BC. e.) the Georgian
population prevailed over others; the fourth stage (1st century BC — to this day), when four
multilingual populations Georgian, Mengrelian, Laz, Svan live peacefully in the Caucasus and

western Asia in a small area.
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Mathematical modeling of the first stage is considered in [9]. Mathematical and computer
modeling of the second stage is considered in [10—12]. Mathematical modeling of the third

stage is considered in [13]. Computer modeling of the third stage is considered in [14].

1. MATHEMATICAL MODEL OF THE POPULATION DYNAMICS OF
GEORGIAN, LAZ, MINGRELIAN, AND SVAN POPULATIONS
(1ST CENTURY BC TO PRESENT)
Problem Statement. This study presents a general
mathematical model designed to describe the quantitative changes

in the populations of Georgian, Laz, Mingrelian, and Svan

communities, including the processes of ongoing linguistic-cultural

influences and interactions, spanning from the 1st century BC to

the present day (see Fig. 1.1).

Fig. 1.1 The aforementioned model is presented below in the form of
a four-dimensional nonlinear dynamic system with variable coefficients, where each equation
correspondingly describes the processes of quantitative changes in the populations of Georgian,

Laz, Mingrelian, and Svan populations. This system is formalized as follows:

(28 = 01, (Ou®) + r1sOWEOUE) + 116D 2(OUE) + 71, (OVOE) = 85(Dut)

0 = a3, (OW(E) — Y1eOUOW(E) + Y19 (D2(OW(E) + V20 (OVOW(E) = 8, (t)

1 28 = 03,(02() — 721 (OO 2(E) — Y22 (OWOZ(E) + V23OV (O)2(0) = Sg(D)z(t) » (1D
PO = 15 (Ov(0) — Y2 OUOV(E) = Y25 (OWDV(E) = Y26(O)2(O)V(E) — 6,(E)v(E)

u(ty) = uq, w(ty) =wy, 2(t) =2z, v(ty) =,

where u(t), w(t), z(t), v(t) € C*ty, ts]; a;(t) € Clty, ts], i = 10 — 13, ay3(t) > 0;y;(t) €
Cltats], vj(®) >0, ) = 15 —26; 6, (t) € Clty, ts], 6, () >0,k =6 —9; t € [ty ts], ty =
4900 years (1st century BC) and ts = 7025 years (2025 CE); u(t) represents the number of the
Georgian-speaking population at time t; w(t) represents the number of the Laz-speaking
population at time t; z(t) represents the number of the Mingrelian-speaking population at time
t; v(t) represents the number of the Svan-speaking population at time t; a;(t), i = 10 — 13,
corresponds to the demographic factors of the Georgian, Laz, Mingrelian, and Svan
populations, respectively, i.e., the natural birth-death rate; y;(t), j = 15 — 26, corresponds to
the coefficients of interaction (assimilation) among these linguistic groups; &;(t) > 0, k =
6 — 9, corresponds to the losses of the aforementioned linguistic groups (due to wars,

ecosystems, migrations, and other external factors).
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The mathematical model presented in (1.1) belongs to the class of nonlinear dynamic
systems, which, through the analysis of historical-archaeological, linguistic, and ethnographic
materials, it accounts for demographic factors (birth rates, mortality rates), migration, socio-
economic conditions (urbanization, living conditions, economic stability), and historical events
(wars, epidemics, cultural assimilations).

Thus, this mathematical model enables the study of the historical development dynamics
of populations speaking Kartvelian languages, as well as the impact of key factors that

determine the processes of integration or differentiation among them.

2. FIRST INTEGRALS OF FOUR- AND THREE-DIMENSIONAL NONLINEAR
DYNAMIC SYSTEMS
Suppose that the coefficients of the dynamic system (1.1) are constant. In this case, the

Cauchy problem for system (1.1) can be rewritten as follows:

(20 = (@30 — 86Ju(t) + y1sw(ODu(t) + y12(u(t) + y1,v()u(t)
O = (@11 = 5w (D) = yrgu(OW(E) + y102(OW(E) + Y200 (O (E)

| 8 = (ay; - 69)2(8) — yau(O2(t) — yw(D)z(8) + v (®z(®) - D)
2O = (a3 = 8)0(E) = 24uOV(t) — V25w (O)V() = V262(D)0(E)

\ u(ty) = uy, w(ty) =wy, z(ty) =24, v(ty) =v,

As a result of transforming the dynamic system (2.1), we obtain:

dj;? = (az0 = 86) + Y1sw(0) + y162(8) + y17v(t)
dm‘:v;? = (a1 — 67) — Y1u(t) + y192(t) + y2ov(t)

< dzchztt) = (a12 = 8g) = V21u(t) — y2,w(t) + y23v () (2.2)
i,va(l? = (a13 = 89) — V24u(t) — y25w(t) — ¥262(t)

\(E0) = wsy, w(ty) =wy, 2(t) =24 v(ts) =14
To ensure the adequacy and non-triviality of the mathematical model (2.1), it is necessary
that the constant coefficients of the system satisty the following additional condition:

PN e

The first condition of system (2.3) indicates that the number of the Georgian-speaking
population decreases at time t due to demographic and other factors. However, this decline is
balanced by the assimilation of the Laz, Mingrelian, and Svan linguistic groups, which
contributes to an increase in the Georgian population. Simultaneously, according to the second

condition of system (2.3), the Svan-speaking population naturally increases, but its growth is
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slowed by the influence of the Georgian, Laz, and Mingrelian populations, which is associated
with linguistic, cultural, and socio-economic transformation processes.

To investigate the system of equations (2.1), it is necessary to find the first integral. In
this regard, if we add the first and fourth equations of system (2.2) and subtract the second and

third equations of the same system from the resulting sum, we obtain the following equality:
du(t) dv(t) dw(t) dz(t)
wdt T vdt wdt  zdt (@10 = 86) + (@13 = 69) — (11 — 67) —
—(a12 — 8g) + (Y18 + ¥21 — — V2 )u(t) + (y1s + vz — v2s)w(t) +
+(V16 — Y19 — ¥26)2(t) + (Y17 — Y20 — V23)v(8). (2.4)

Let us assume that the constant coefficients of equation (2.4) satisfy the following

additional system:

(@10 — 86) + (@13 — 89) — (@11 — 67) — (@12 —6g) =0
Yis + V21 = V24 =0
Yis + V22 = V25 =0 - (2.5)
Y16 — Y19 — Y26 = 0
Y17 = Y20 =~ V23 =0

These conditions do not contradict the system (2.3).
Taking into account the conditions of (2.3) and (2.5), equation (2.4) can be rewritten as

follows:

du(t) n dv(t) _ dw(t) _ dz(t) _ 0
udt vdt wdt zdt

(2.6)

From this, in the phase hyperspace of solutions (0, v(t),z(t), w(t), u(t)), we obtain the

first integral of the Cauchy problem for the dynamic system (2.1):

[l u(t)v(t)] =00 _ st o u(t)v(t) = pw(t)z(t), (2.7)

w(t)z(t) w(t)z(t)

UYV
where p = ﬁ = const > 0.
444

Equation (2.7) represents a nonlinear relationship (equation) among the four unknown
functions, indicating that this equality remains invariant over time t, and the unknowns are
interdependent. Equation (2.7) defines a certain hypersurface in the phase space of solutions
(0, v(t), z(t), w(t), u(t)) for the four-dimensional dynamic system (2.1). As previously noted,
(2.7) characterizes a four-dimensional hyperspace that expresses the mutual dependence of the
system's state variables in (2.1), where the variation of one unknown significantly affects the
others. The stability of such interdependence is crucial for understanding the long-term
behavior of the system, as it underlies the balance and stability of the processes involved.

Let us consider the first three equations of system (2.2), and multiply the second equation

by 2. As a result, we obtain the following system of equations:
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d
( u“_d(? = (a19 — 8) + Y1isw(t) + v162(t) + y1,v(t)
dw(t)
2 ﬁ = 2(ay; — 67) — 2y1u(t) + 2y192(t) + 2y,ov(t). (2.8)
dz(t)
ZZdt = (13 — 83) — Y21u(t) — Y2, w(t) + y23v(t)

If we add the first and third equations of system (2.8) and then subtract the second

equation of the same system from the resulting sum, we obtain the following equality:
du(t) N dz(t) dw(t)

wat T oar 2 war = (@0 = 86) + (a1 — 8p) — 2(arn — 67) + (2y1s — Va1 Ju(t) +

+(V1s — V22)w(t) + (Y16 — 2Y19)2(t) + (V17 + V23 — 2¥20)v (D). (2.9)

To find the second first integral, it is necessary to examine the conditions under which

the right-hand side of equation (2.9) becomes zero. If we assume that the right-hand side of
identity (2.9) vanishes for all values of t, then each term must independently be equal to zero.

Thus, the constant coefficients in equation (2.9) must satisfy the following additional
conditions:

((aw —8¢) + (a2 — 8g) —2(a;1 — 67) =0

2y18 — V21 =0
Yis = Y22 =0 . (2.10)
Y16 — 2Y19 =0

Y17 T V23 —2¥20 =0
which do not contradict systems (2.3) and (2.5).
If system (2.10) holds, then the identity (2.9) takes the following form:

du(t) , dz(t) dw(t)
udt zdt wdt

=0

=0,

from which, in the phase space of solutions (O,Z(t),w(t),u(t)), we obtain the second first
integral of the Cauchy problem for the dynamic system (2.1):
u(t)z(t) = qw?(t). (2.11)

= 44—const>0

where q =
4

From (2.7) and (2.11), we derive the following system:

_ o w®z() )
{u(t)v(t) = () _ (VO =P =2 (v =pq uz(;_ o
R PURE R P

Accounting for the system of relations (2.12), the four-dimensional dynamic system (2.1)
is reduced to the following two-dimensional dynamic system containing only the unknown

functions u(t) and w(t):
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du(t ”
uu;t) = (@19 — 8)u(t) + y1sw(Ou(t) + y16qw?(t) + v1,09q u(i))

d (t) (t) 4(t) 21
V‘:}dt = (a11 — 6)w(t) — ysu(Ow(t) + Y19qw + V20Pq uZ(t)’ (2.13)

u(ty) = uy, w(ty) =w,

Let us now introduce the following notations:

Fl(u(t) W(t)) = (a9 — Sp)u(t) + yisw(®u(t) + y1eqw (t) + V17pq

u(t)
IR CRT)
Fy(u(t), w(®)) = (a1 — 6)w(t) — yagu(®)w(t) + V19q + Yzopquz—(t)

To study the nonlinear system of differential equations (2.13), let us consider the

divergence of the vector field F(F, F,):
L O0F (u,w) N 0F,(u,w) B

G(w,u) = divF = EM e = (a9 — 86) + (@11 — 67) + y1sw(t) —
3
—Y1gu(t) + 3)’19‘1 - ( ) + (4720 — ¥17)Pq ‘Zz_((tt)) (2.15)

Let us now consider the curve in the phase plane (0, w(t), u(t)), on which the divergence

of the vector field vanishes:

G(w,u) = 0. (2.16)

3. THEOREMS ON THE COEXISTENCE OF GEORGIAN, LAZ, MINGRELIAN,
AND SVAN POPULATIONS
For equation (2.16), we consider three cases below [7].

First Case. Suppose the following condition is satisfied:
{(“10 86) + (@11 — 67) = 0
4Y20 = ¥17 =0
which does not contradict the previously established conditions (2.3), (2.5), and (2.10). In this

(3.1)

case, the divergence of the vector field in (2.15) and (2.16) becomes zero on the following curve
in the phase plane (0, w(t), u(t)):

w(t)
u(t)

Y1su®(t) — yasw(Ou(t) — 3y0qw?(t) = 0. (3.2)

Let us introduce a new notation in (3.2):

G(w,u) = y15w(t) — y1gu(t) + 3y10q =0

such that u = @w. Substituting into equation (3.2), we obtain the quadratic equation:
w(t) [y180* (1) = v150(t) = 3y10q] = 0 &
Y1su? (£) — yisw(u(t) — 3y19qw?(t) = 0. (3.3)
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since w # 0.

We seek the positive solution of (3.3):

0= Vis +¥is + 12Y18¥10q
2Y13 ’

since only the first quadrant of the phase plane (0, w(t), u(t)) has physical meaning.

Thus, (3.2) represents a half-line located in the phase plane of solutions (0, w(t), u(t))

of system (2.13), passing through the origin of the coordinate system. The half-line is expressed

as follows:
( u=qpw
Yis+|¥is+12V1s¥104
iqi == ————— = const > 0. (3.4)
18
w(t) >0

The following theorem holds true.

Theorem 3.1. The problem (2.13), (2.14), (2.3), (2.5), (2.10), (3.1) has a solution in the
form of a closed integral trajectory within some simply connected domain D € (0, w(t), u(t))
in the first quadrant of the phase plane of solutions (0, w(t), u(t)) with physical significance,
where the solution is entirely contained.

Proof. Consider a curve located on the phase plane (0, w(t), u(t)), where the divergence
of the vector field F (F,, F,) is equal to zero. Taking into account equations (2.15) and (3.1), the
curve (3.2) will be a half-line of the form described in (3.4).

The divergence of the vector field F (F;, F,) becomes zero in the first quadrant of the
phase plane (0, w(t),u(t)) along the half-line (3.4). Suppose that this half-line also includes

the point M (w,, u,), where w(t) > 0.

uty! ¢<o //Q It is evident that the divergence of the
G vector field F (Fy, F,), denoted as G (W(t), u(t))
D in (3.2), changes sign in some simply connected
MW, uy) domain D c (O,W(t),u(t)) that contains the
point M (w,, u,) (see Fig. 3.1).
o« tga=¢ ¢G>0 According to the Poincaré-Bendixson
0 w(t) theorem [15 - 18], for the dynamic system
Fg. 31 defined by equations (2.13), (2.14), (2.3), (2.5),

(2.10), and (3.1), there exists a closed integral
curve that is entirely contained within this domain.

Thus, Theorem 3.1 is proved.

10
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Second Case. Suppose the following condition is satisfied:

(a0 — 86) + (@11 —67) =0
Y17 = 4¥20 > 0 (3.5)

)
Yis _ 3Y19
Y1is  P(Y17—4Y20)

which does not contradict the previously established conditions (2.3), (2.5), and (2.10). Then,

taking into account (2.15), from (2.16) we obtain:

2 3
G(w,u) = y15w () — y15u(t) + 3qy19 M;(—E;) + (4v20 — v17)Pq ‘Zz—((f)) =
_ w?(t) Vis¥1o w3 (t) _
= y1sw(t) — y15u(t) + 3qy19 O e 20
_ _ VY18 5 YisY19 w?(t) Vs _
= s [w(®) = 2u()] - 3¢ T2 lw(o) P =
= 115 [w(®) - 22u©®)] |1 - 3¢ 2229 = 0. (3.6)

For (3.6), we consider two subcases.

First Subcase. For equation (3.6), let us first consider the case where

w(t) = ;—i:u(t). (3.7)

The following theorem holds.

Theorem 3.2.1. The problem (2.13), (2.14), (2.3), (2.5), (2.10), (3.5), (3.7) has a solution
in the form of a closed integral trajectory within some simply connected domain D C
(0, w(t), u(t)) in the first quadrant of the phase plane of solutions (0, w(t), u(t)) with
physical significance, where the solution is entirely contained.

Proof. Consider a curve located on the phase plane (0, w(t), u(t)) , where the divergence
of the vector field F (F,, F,) is equal to zero. Taking into account equations (2.15), (2.16), and
(3.5), one of the solution curves of (3.6) will be a half-line of the form described in (3.7).

The divergence of the vector field F (F;, F,) becomes zero in the first quadrant of the
phase plane (0, w(t),u(t)) along the half-line (3.7). Suppose that this half-line also includes
the point M (w,, u,), where w(t) > 0.

It is evident that the divergence of the vector field F(F,,F,) , denoted as G(W(t), u(t))
in (2.15), changes sign in some simply connected domain D < (0, w(t), u(t)) that contains the
point M (wy, u,).

According to the Poincaré-Bendixson theorem [15 - 18], for the dynamic system defined
by equations (2.13), (2.14), (2.3), (2.5), (2.10), (3.5), and (3.7), there exists a closed integral

curve that is entirely contained within this domain.

11
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Thus, Theorem 3.2.1 is proved.

Second Subcase. For equation (3.6), consider the second case where

w(t) = / -u(®), (3.8)

then the following theorem is proved.

Theorem 3.2.2. The problem (2.13), (2.14), (2.3), (2.5), (2.10), (3.5), (3.8) has a solution
in the form of a closed integral trajectory within some simply connected domain D C
(O,W(t),u(t)) in the first quadrant of the phase plane of solutions (O,W(t),u(t)) with
physical significance, where the solution is entirely contained.

Proof. Consider a curve located on the phase plane (0, w(t), u(t)), where the divergence

of the vector field F (F,, F,) is equal to zero. Taking into account equations (2.15), (2.16), and
(3.5), the second solution curve of (3.6) will be a half-line of the form described in (3.8).

The divergence of the vector field F (F;, F,) becomes zero in the first quadrant of the
phase plane (0, w(t), u(t)) along the half-line (3.8). Suppose that this half-line also includes
the point M (w,, u,), where w(t) > 0.

It is evident that the divergence of the vector field F(Fy, F,), denoted as G (w(®),u(t)) in
(2.15), changes sign in some simply connected domain D < (0, w(t), u(t)) that contains the
point M (wy, uy).

According to the Poincaré-Bendixson theorem [15 - 18], for the dynamic system defined
by equations (2.13), (2.14), (2.3), (2.5), (2.10), (3.5), and (3.8), there exists a closed integral
curve that is entirely contained within this domain.

Thus, Theorem 3.2.2 is proved.

Third Case. Suppose the following condition is satisfied:

(a0 — 86) + (@11 — 67) =0
) 39
{ 4y20 —v17 # 0 (39

which does not contradict the previously established conditions (2.3), (2.5), and (2.10). Then,
taking into account (2.15), from (2.16) we obtain:

t
Gw,u) = ysw(t) — ygult) + 3CIV19 + (4v20 — V17)Pq uz((t)) 0. (3.10)

In the first quadrant of the phase plane (0, W(t), u(t)), which has physical significance,
we seek a solution to (3.10) in the following form:
w(t) = xu(t), (3.11)
where u > 0, w > 0,x > 0, then, from (3.10), we obtain:
G (xw,w) = yrsau(t) — yiu(t) + 3qyi0x?u(t) + (4v20 — v17)pqx’ul(t) =

= u(®)[(4v20 — V17)P9x>+3qy19x* + y15x — y1g] = u(®)f (x),
12
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where
f() = (4720 — ¥17)Pqx°+3qY10X” + V15X — V18- (3.12)
We now consider the cubic function (3.12).

First Subcase. Suppose that

4Y20 = Y17 > 0, (3.13)
then, for the cubic function f (x), the following holds:
f(0) = —y15 <0, f(—0) = —00, f(+00) = +00. (3.14)

According to the Bolzano-Cauchy theorem, since the continuous function f(x) takes
values of opposite signs on the interval (—oo, +00), it must have at least one zero in this interval.
Furthermore,

f'(x) = 3(4y20 — Y17)Pqx*+6qY10% + V15
>0,
f"(x) = 6(4y20 — ¥17)Pqx + 6qy10 > 0,

implying that the function f(x) is increasing for

f®

positive x, and thus, it has no inflection points.

0 x.>0 x Consequently, the equation f(x) =0 has
/ RE exactly one positive root x, (see Fig. 3.3.1).

Consider the cubic equation

Fig. 3.3.1
(4720 — v17)Pqx3+3qy10x* + V15X — Y13 =0 &

3
x3 + Y19 2 Yis x — Yis — (3.15)
(4¥20-v17)D (4v20-v17)Pq (4v20-v17)pq

Using the Tartaglia transformation

_ _ Y19
=Y (4¥20-v17)D (316)

equation (3.15) is reduced to the following depressed cubic equation:

y + py+aq =0, (3.17)
where
_ Y15 _ 3y%o
P1= (4Y20-v17)pq  (4v20—¥17)?p? (3.18)
Yis 2¥3s Y15Y19

G = + - -
! (4v20 = v17)Pra  (4v20 —v17)°p®  (4v20 — v17)%P%q

Equation (3.17) has exactly one positive root, which is computed using the Ferro-

Tartaglia-Cardano formula:
: q1 ai , i : q1 ai , ri
y = _?+ :+E+ _7_ :+;’ (319)

13
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Taking (3.19) into account, from (3.16), the value of x is obtained as:

3 2 3 3 2 3
x:\/_ﬁ+ ’q_1+p_1+\/_ﬂ— /q—1+p—1—y1—9>0, (3.20)
2 4 27 2 4 27  (4Y20-v17)P

The following theorem holds.
Theorem 3.3.1. The problem (2.13), (2.14), (2.3), (2.5), (2.10), (3.9), (3.13) has a solution

in the form of a closed integral trajectory within some simply connected domain D C
(0, w(t), u(t)) in the first quadrant of the phase plane of solutions (0, w(t), u(t)) with
physical significance, where the solution is entirely contained.

Proof. Consider a curve located on the phase plane (0, w(t), u(t)), where the divergence
of the vector field F (Fy, F,) is equal to zero. Taking into account equations (3.9) and (3.13), the
curve (2.15) will be a half-line of the form described in (3.11).

The divergence of the vector field F (F;, F,) becomes zero in the first quadrant of the
phase plane (0, w(t), u(t)) along the half-line (3.11). Suppose that this half-line also includes
the point M (w,, u,), where w(t) > 0.

It is evident that the divergence of the vector field F (F,, F,), denoted as G (W(t), u(t)) in
(3.10), changes sign in some simply connected domain D © (0, w(t), u(t)) that contains the
point M (wy, uy).

According to the Poincaré-Bendixson theorem [15 - 18], for the dynamic system defined
by equations (2.13), (2.14), (2.3), (2.5), (2.10), (3.9), and (3.13), there exists a closed integral
curve that is entirely contained within this domain.

Thus, Theorem 3.3.1 is proved.

Second Subcase. When the condition

4Y20 —v17 <0, (3.21)
is satisfied, then for the function f(x) in (3.12), the following holds:
f(=00) = +oo, f(+00) = —c0, (3.22)

In this case, the root x, takes a negative value (see Fig. 3.3.2), which contradicts the

condition defined by (3.11), according to which the point x, must be positive.
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Thus, during the fourth period, influenced by state governance and cultural factors, the
number of Georgian-speaking populations significantly increases. The Georgian language
emerges as one of the leading languages in the Caucasus, resulting in its complete dominance

as both a state and religious language. Other Kartvelian languages — Laz, Mingrelian, and Svan

e — remain relatively balanced, as they retain
their linguistic distinctiveness, which,
despite assimilation processes, ensures
their cultural space. The Georgian language

x. ) x exerts a powerful influence on these

—Y1s \ languages, further intensifying assimilation

processes.  Nevertheless,  populations
Fig. 3.3.2

speaking all four languages (u(t) >0,
w(t) >0, z(t) >0, v(t) > 0) continue to coexist, despite the Georgian language’s full

dominance in the spheres of state, religious, and cultural interactions.

Conclusion

In the fourth period (from the 1st century BC to the present), mathematical models
describing the dynamics of populations speaking Georgian, Laz, Mingrelian, and Svan
languages are formulated as a Cauchy problem for a four-dimensional nonlinear dynamic
system with variable coefficients (a system of four equations with four unknowns). By
employing first integrals, this constant-coefficient dynamic system was reduced to a two-
dimensional system, focusing on the dynamics of the Georgian and Laz populations, while the
dynamics of the Mingrelian and Svan populations are expressed through the demographic data
of the Georgian and Laz populations. Using the Poincaré-Bendixson criterion, the existence of
bounded integral trajectories in the physically meaningful first quadrant of the phase plane of
the dynamic system’s solutions is proven in four theorems for various cases, within certain
simply connected regions. This demonstrates that the growth of the Georgian population leads
to a decline in the Laz, Mingrelian, and Svan populations. However, the stability of the
collective ethnolinguistic diversity, cultural identity, and the strengthening and dominance of
the Georgian language are also established. These populations stably coexist within the same
region.

Thus, mathematical models and corresponding computer simulations serve as powerful
and unique tools that effectively describe the demographic changes of the proto-Kartvelian
populations and the evolution of Kartvelian languages — Georgian, Laz, Mingrelian, and Svan

— as well as the preservation of their cultural identity and stable coexistence.
15
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