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Abstract. The paper discusses new mathematical models that describe the early stages of 

the spread of the SARS-CoV-2 virus. The first model considers two groups of people: without 

healthy immunity and asymptomatic infected. The second model considers three groups of 

people: without healthy immunity, asymptomatic infected and detected infected. 

In the first model, the infectivity variable coefficient is taken as a linear incremental 

function of two unknown function variables. The first integral has been obtained. The Cauchy’s 

problem is solved analytically exactly. In the second model, in the case of constant infection 

coefficients, the first two integrals of a three-dimensional dynamic system have been found and 

the problem is reduced to the Cauchy’s problem for one unknown function. 
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Introduction. It is of great interest to predict the extent of the epidemic by creating 

appropriate mathematical models [1]. Mathematical and computer models of the possible 

spread of infectious disease, in particular malaria, are discussed in [2].  

Since the beginning of 2020, the incurable infectious disease COVID-19 has spread 

around the world, which has already killed many people and changed the world (economy, 

development rate, etc.). 

Naturally, at this stage, several vaccines have already been developed that have different 

probabilities (percentages) of acquiring immunity to a given disease, but not complete 
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immunity (100%). In many scientific centers, attempts are being made to create mathematical 

models for predicting the extent of the spread of this infection. 

To predict the scale of the spread of COVID-19 epidemics, the synergistic approach of 

scientific research of this multifaceted problem has become relevant, one of the initial stages of 

which is the creation of a mathematical model describing the spread of infection, based on the 

principle from relatively simple (description of the initial stage) to more complex (accounting 

for all groups of people) [3]. Building a mathematical model for the spread of the virus SARS-

CoV-2 and solving the mathematical problem will allow, taking into account the lockdown and 

vaccination, to develop a protocol by which the economic losses of the state will be minimized. 

 

§ 1. First mathematical model. Exactly solution of Cauchy’s problem. 

Consider the first mathematical model (two groups) 

 �
𝑑𝑑𝑆𝑆(𝑡𝑡)
𝑑𝑑𝑡𝑡

= −𝛽𝛽(𝑆𝑆(𝑡𝑡), 𝐼𝐼(𝑡𝑡), 𝑡𝑡)𝑆𝑆(𝑡𝑡)𝐼𝐼(𝑡𝑡)
𝑑𝑑𝑑𝑑(𝑡𝑡)
𝑑𝑑𝑡𝑡

= 𝛽𝛽(𝑆𝑆, 𝐼𝐼, 𝑡𝑡)𝑆𝑆(𝑡𝑡)𝐼𝐼(𝑡𝑡)
,  (1.1) 

 𝑆𝑆(0) = 𝑆𝑆0, 𝐼𝐼(0) = 𝐼𝐼0, (1.2) 

where 𝑆𝑆(𝑡𝑡) is the number of people without healthy immunity at a 𝑡𝑡 time; 𝐼𝐼(𝑡𝑡) is the 

number of people asymptomatic infected at a 𝑡𝑡 time. 

It is natural to assume that the infection rate is an incremental function of two unknown 

functions 

 𝜕𝜕𝜕𝜕
𝜕𝜕𝑆𝑆

> 0, 𝜕𝜕𝜕𝜕
𝜕𝜕𝑑𝑑

> 0. (1.3) 

Let us take the infectivity coefficient as a linear function of two unknown functions. 

 𝛽𝛽(𝑆𝑆(𝑡𝑡), 𝐼𝐼(𝑡𝑡), 𝑡𝑡) = 𝑎𝑎 + 𝑏𝑏𝑆𝑆(𝑡𝑡) + 𝑐𝑐𝐼𝐼(𝑡𝑡). (1.4) 

That first integral (1.1), (1.2) is written as follows:  

 𝐼𝐼(𝑡𝑡) + 𝑆𝑆(𝑡𝑡) = 𝑐𝑐𝑟𝑟𝑛𝑛𝑠𝑠𝑡𝑡 = 𝑝𝑝 = 𝐼𝐼0 + 𝑆𝑆0. (1.5) 

According to (1.3), (1.4) 

 𝑏𝑏 > 0, c > 0. (1.6) 

The first integral (1.5) put in (1.1), (1.2) and we get the Cauchy’s problem: 

 �
𝑑𝑑𝑑𝑑(𝑡𝑡)
𝑑𝑑𝑡𝑡

= [𝑎𝑎 + 𝑏𝑏𝑝𝑝 + (𝑐𝑐 − 𝑏𝑏)𝐼𝐼](𝑝𝑝 − 𝐼𝐼)𝐼𝐼
𝐼𝐼(0) = 𝐼𝐼0

.  (1.7) 

Whose exact solution (1.7) will be recorded as follows 
(𝑏𝑏−𝑐𝑐)

(𝑎𝑎+𝑏𝑏𝜕𝜕)(𝑎𝑎+𝜕𝜕𝑐𝑐)
𝑆𝑆𝑛𝑛 𝑎𝑎+𝑏𝑏𝜕𝜕+(𝑐𝑐−𝑏𝑏)𝑑𝑑(𝑡𝑡)

𝑎𝑎+𝑏𝑏𝜕𝜕+(𝑐𝑐−𝑏𝑏)𝑑𝑑0
− 1

𝜕𝜕(𝑎𝑎+𝑐𝑐𝜕𝜕) 𝑆𝑆𝑛𝑛
𝜕𝜕−𝑑𝑑(𝑡𝑡)
𝜕𝜕−𝑑𝑑0

+ 1
𝜕𝜕(𝑎𝑎+𝑏𝑏𝜕𝜕) 𝑆𝑆𝑛𝑛

𝑑𝑑
𝑑𝑑0

= 𝑡𝑡,  

 �𝑎𝑎+𝑏𝑏𝜕𝜕+(𝑐𝑐−𝑏𝑏)𝑑𝑑(𝑡𝑡)
𝑎𝑎+𝑏𝑏𝜕𝜕+(𝑐𝑐−𝑏𝑏)𝑑𝑑0

�
𝑏𝑏−𝑐𝑐

(𝑎𝑎+𝑏𝑏𝑏𝑏)(𝑎𝑎+𝑏𝑏𝑐𝑐) � 𝜕𝜕−𝑑𝑑0
𝜕𝜕−𝑑𝑑(𝑡𝑡)

�
1

𝑏𝑏(𝑎𝑎+𝑏𝑏𝑐𝑐) ∙ �𝑑𝑑(𝑡𝑡)
𝑑𝑑0
�

1
𝑏𝑏(𝑎𝑎+𝑏𝑏𝑏𝑏) = 𝑅𝑅𝑡𝑡 . (1.8) 
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Consider special cases 

a. 𝑎𝑎 = 0, 𝑏𝑏 = 𝑐𝑐.  

Then from (1.8), (1.5) we can get an exactly solution 

 𝐼𝐼(𝑡𝑡) = 𝜕𝜕𝑑𝑑0𝑑𝑑𝑏𝑏𝑏𝑏
2𝜕𝜕

𝑆𝑆0+𝑑𝑑0𝑑𝑑𝑏𝑏𝑏𝑏
2𝜕𝜕 , 𝑆𝑆(𝑡𝑡) = 𝜕𝜕𝑆𝑆0

𝑆𝑆0+𝑑𝑑0𝑑𝑑𝑏𝑏𝑏𝑏
2𝜕𝜕. (1.9) 

b. 𝑎𝑎 ≠ 0, 𝑏𝑏 = 𝑐𝑐. 

The exact solution (1.8), (1.5) has the form 

 𝐼𝐼(𝑡𝑡) = 𝜕𝜕𝑑𝑑0𝑑𝑑𝑏𝑏(𝑎𝑎+𝑏𝑏𝑏𝑏)𝜕𝜕

𝑆𝑆0+𝑑𝑑0𝑑𝑑𝑏𝑏(𝑎𝑎+𝑏𝑏𝑏𝑏)𝜕𝜕 , 𝑆𝑆(𝑡𝑡) = 𝜕𝜕𝑆𝑆0
𝑆𝑆0+𝑑𝑑0𝑑𝑑𝑏𝑏(𝑎𝑎+𝑏𝑏𝑏𝑏)𝜕𝜕. (1.10) 

c. 𝑎𝑎 ≠ 0, 𝑏𝑏 ≠ 𝑐𝑐, 𝑎𝑎, 𝑏𝑏, 𝑐𝑐 =  𝑐𝑐𝑟𝑟𝑛𝑛𝑠𝑠𝑡𝑡. 

Consider the case 𝑎𝑎 = (𝑏𝑏 − 2𝑐𝑐)𝑝𝑝. 

Then from (1.8) we get 

 𝑎𝑎+𝑏𝑏𝜕𝜕+(𝑐𝑐−𝑏𝑏)𝑑𝑑(𝑡𝑡)
𝑎𝑎+𝑏𝑏𝜕𝜕+(𝑐𝑐−𝑏𝑏)𝑑𝑑0

∙ � 𝑆𝑆0
𝑆𝑆(𝑡𝑡)�

2 𝑑𝑑(𝑡𝑡)
𝑑𝑑0

= 𝑅𝑅2(𝑏𝑏−𝑐𝑐)𝑡𝑡𝜕𝜕2 . (1.11) 

Then from (1.11) for the function I(t) we obtain the quadratic equation 

 �𝑐𝑐 − 𝑏𝑏 − 𝑞𝑞1𝑞𝑞2𝑑𝑑0
𝑆𝑆02

� 𝐼𝐼2 + �𝑎𝑎 + 𝑏𝑏𝑝𝑝 + 2𝜕𝜕𝑞𝑞1𝑞𝑞2𝑑𝑑0
𝑆𝑆02

� 𝐼𝐼 − 𝑞𝑞2𝑞𝑞1𝜕𝜕2𝑑𝑑0
𝑆𝑆02

= 0, (1.12) 

where 

𝛼𝛼1 ≡ 𝑎𝑎 + 𝑏𝑏𝑝𝑝 + (𝑐𝑐 − 𝑏𝑏)𝐼𝐼0, 𝛼𝛼2 ≡ 𝑅𝑅2𝜕𝜕2(𝑏𝑏−𝑐𝑐)𝑡𝑡, 𝑎𝑎 + 𝑏𝑏𝑝𝑝 = 2𝑝𝑝(𝑏𝑏 − 𝑐𝑐),  

𝛼𝛼1 = 2𝑝𝑝(𝑏𝑏 − 𝑐𝑐) − (𝑏𝑏 − 𝑐𝑐)𝐼𝐼0 = (𝑏𝑏 − 𝑐𝑐)(2𝑝𝑝 − 𝐼𝐼0) = (𝑏𝑏 − 𝑐𝑐)(2𝑆𝑆0 + 𝐼𝐼0).  

Consider a particular case of infection rate 

 𝛽𝛽�𝑡𝑡, 𝑆𝑆(𝑡𝑡), 𝐼𝐼(𝑡𝑡)� = 𝑎𝑎(𝑡𝑡) + 𝑏𝑏(𝑡𝑡)𝑆𝑆(𝑡𝑡) + 𝑐𝑐(𝑡𝑡)𝐼𝐼(𝑡𝑡), (1.13) 

 𝑏𝑏(𝑡𝑡) = 𝑐𝑐(𝑡𝑡), 𝛽𝛽�𝑡𝑡, 𝑆𝑆(𝑡𝑡), 𝐼𝐼(𝑡𝑡)� = 𝑎𝑎(𝑡𝑡) + 𝑏𝑏(𝑡𝑡)�𝑆𝑆(𝑡𝑡) + 𝐼𝐼(𝑡𝑡)� = 𝑎𝑎(𝑡𝑡) + 𝑏𝑏(𝑡𝑡)𝑝𝑝. (1.14) 

Then we get from (1.1), (1.2), (1.5), (1.14) 

 𝐼𝐼(𝑡𝑡) = 𝜕𝜕𝑑𝑑0𝑑𝑑
𝑏𝑏∫ �𝑎𝑎(𝜕𝜕)+𝑏𝑏𝑏𝑏(𝜕𝜕)�𝑑𝑑𝜕𝜕𝜕𝜕
0

𝑆𝑆0+𝑑𝑑0𝑑𝑑
𝑏𝑏∫ �𝑎𝑎(𝜕𝜕)+𝑏𝑏𝑏𝑏(𝜕𝜕)�𝑑𝑑𝜕𝜕𝜕𝜕
0

, (1.15) 

 𝑆𝑆(𝑡𝑡) =
𝑝𝑝𝑆𝑆0

𝑆𝑆0 + 𝐼𝐼0𝑅𝑅𝜕𝜕 ∫ �𝑎𝑎(𝑡𝑡)+𝜕𝜕𝑏𝑏(𝑡𝑡)�𝑑𝑑𝑡𝑡𝜕𝜕
0

. 

 

§ 2. Second mathematical model. Exactly solution of Cauchy’s problem. 

Consider the second mathematical model (three groups) 

 

⎩
⎪
⎨

⎪
⎧
𝑑𝑑𝑆𝑆(𝑡𝑡)
𝑑𝑑𝑡𝑡

= −𝛽𝛽1(𝑡𝑡)𝑆𝑆𝑓𝑓(𝑡𝑡)𝑆𝑆(𝑡𝑡) − 𝛽𝛽4(𝑡𝑡)𝑆𝑆(𝑡𝑡)𝐼𝐼(𝑡𝑡)
𝑑𝑑𝑆𝑆𝑓𝑓(𝑡𝑡)

𝑑𝑑𝑡𝑡
= 𝛽𝛽2(𝑡𝑡)𝑆𝑆𝑓𝑓(𝑡𝑡)𝑆𝑆(𝑡𝑡)

𝑑𝑑𝑑𝑑(𝑡𝑡)
𝑑𝑑𝑡𝑡

= 𝛽𝛽3(𝑡𝑡)𝑆𝑆𝑓𝑓(𝑡𝑡)𝑆𝑆(𝑡𝑡) + 𝛽𝛽4(𝑡𝑡)𝑆𝑆(𝑡𝑡)𝐼𝐼(𝑡𝑡)

,  (2.1) 

 𝑆𝑆(0) = 𝑆𝑆0, 𝑆𝑆𝑓𝑓(0) = 𝑆𝑆𝑓𝑓0 , 𝐼𝐼(0) = 𝐼𝐼0, (2.2) 
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𝑆𝑆(𝑡𝑡) − is the number of people without healthy immunity at a 𝑡𝑡 time;  

𝑆𝑆𝑓𝑓(𝑡𝑡) − the number of people asymptomatic infected at a 𝑡𝑡 time; 

𝐼𝐼(𝑡𝑡) − the number of people identified infected at a 𝑡𝑡 time. 

Consider a particular case 

 𝛽𝛽2(𝑡𝑡) + 𝛽𝛽3(𝑡𝑡) = 𝛽𝛽1(𝑡𝑡). (2.3) 

Given the initial stage consideration, it is logical to assume 

 𝑆𝑆(0) = 𝑆𝑆0, 𝑆𝑆𝑓𝑓(0) = 𝑆𝑆𝑓𝑓0 > 0, 𝐼𝐼(0) = 0. (2.4) 

Consider the case of constant coefficients 

 

⎩
⎪
⎨

⎪
⎧
𝑑𝑑𝑆𝑆
𝑑𝑑𝑡𝑡

= −𝛽𝛽1𝑆𝑆𝑆𝑆𝑓𝑓 − 𝛽𝛽4𝑆𝑆𝐼𝐼
𝑑𝑑𝑆𝑆𝑓𝑓
𝑑𝑑𝑡𝑡

= 𝛽𝛽2𝑆𝑆𝑆𝑆𝑓𝑓
𝑑𝑑𝑑𝑑
𝑑𝑑𝑡𝑡

= 𝛽𝛽3𝑆𝑆𝑆𝑆𝑓𝑓 + 𝛽𝛽4𝑆𝑆𝐼𝐼

,  (2.5) 

Adding all three equations of system (2.5), taking into account (2.4), we can obtain its 

first integral 

 𝑆𝑆(𝑡𝑡) + 𝑆𝑆𝑓𝑓(𝑡𝑡) + 𝐼𝐼(𝑡𝑡) = 𝑆𝑆0 + 𝑆𝑆𝑓𝑓0 = 𝑝𝑝, (2.6) 

𝛽𝛽1 = 𝛽𝛽2 + 𝛽𝛽3. 

The second first integral when, 𝛽𝛽2 ≠ 𝛽𝛽4 is obtained by considering (2.6) 

 𝑆𝑆(𝑡𝑡) = 𝑝𝑝 + 1
𝜕𝜕4−𝜕𝜕2

�(𝛽𝛽1 − 𝛽𝛽4)𝑆𝑆𝑓𝑓 + (𝛽𝛽2 − 𝛽𝛽1)𝑆𝑆𝑓𝑓
𝛽𝛽4
𝛽𝛽2 ∙ 𝑆𝑆𝑓𝑓0

𝛽𝛽2−𝛽𝛽4
𝛽𝛽2 �. (2.7) 

If 𝛽𝛽4 = 𝛽𝛽2, then  

 𝑆𝑆𝑓𝑓 = 𝑆𝑆𝑓𝑓0𝑅𝑅
𝛽𝛽2

𝛽𝛽4−𝛽𝛽1
∙
𝑆𝑆+𝑆𝑆𝑓𝑓−𝑏𝑏

𝑆𝑆𝑓𝑓 = 𝑆𝑆𝑓𝑓0𝑅𝑅
𝛽𝛽2

𝛽𝛽2−𝛽𝛽1
∙
𝑆𝑆+𝑆𝑆𝑓𝑓−𝑏𝑏

𝑆𝑆𝑓𝑓 = 𝑆𝑆𝑓𝑓0𝑅𝑅
𝛽𝛽2
𝛽𝛽3
∙
𝑏𝑏−𝑆𝑆−𝑆𝑆𝑓𝑓

𝑆𝑆𝑓𝑓 = 𝑆𝑆𝑓𝑓0𝑅𝑅
𝛽𝛽2
𝛽𝛽3
∙ 𝐼𝐼𝑆𝑆𝑓𝑓 (2.8) 

or 

 𝐼𝐼(𝑡𝑡) = 𝑆𝑆𝑓𝑓(𝑡𝑡)𝑆𝑆𝑛𝑛 � 𝑆𝑆𝑓𝑓
𝑆𝑆𝑓𝑓0
�
𝛽𝛽3
𝛽𝛽2 = 𝜕𝜕3

𝜕𝜕2
𝑆𝑆𝑓𝑓(𝑡𝑡)𝑆𝑆𝑛𝑛 𝑆𝑆𝑓𝑓(𝑡𝑡)

𝑆𝑆𝑓𝑓0
. (2.9) 

And 𝑆𝑆𝑓𝑓(𝑡𝑡) function is solution the following Cauchy’s problem  

 �
𝑑𝑑𝑆𝑆𝑓𝑓(𝑡𝑡)

𝑑𝑑𝑡𝑡
= 𝛽𝛽2𝑆𝑆𝑓𝑓(𝑡𝑡) �𝑝𝑝 − 𝑆𝑆𝑓𝑓(𝑡𝑡) − 𝜕𝜕3

𝜕𝜕2
𝑆𝑆𝑓𝑓(𝑡𝑡)𝑆𝑆𝑛𝑛 𝑆𝑆𝑓𝑓(𝑡𝑡)

𝑆𝑆𝑓𝑓0
�

𝑆𝑆𝑓𝑓(0) = 𝑆𝑆𝑓𝑓0
.  (2.10) 

which can be solved by numerical methods. 

Thus, when  

𝛽𝛽1 = 𝛽𝛽2 + 𝛽𝛽3, 𝛽𝛽4 ≠ 𝛽𝛽2,  

𝑆𝑆(𝑡𝑡) + 𝑆𝑆𝑓𝑓(𝑡𝑡) + 𝐼𝐼(𝑡𝑡) = 𝑆𝑆0 + 𝑆𝑆𝑓𝑓0 = 𝑝𝑝, 

𝑆𝑆(𝑡𝑡) = 𝑝𝑝 +
1

𝛽𝛽4 − 𝛽𝛽2
�(𝛽𝛽1 − 𝛽𝛽4)𝑆𝑆𝑓𝑓 + (𝛽𝛽2 − 𝛽𝛽1)𝑆𝑆𝑓𝑓

𝛽𝛽4
𝛽𝛽2 ∙ 𝑆𝑆𝑓𝑓0

𝛽𝛽2−𝛽𝛽4
𝛽𝛽2 �, 
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 𝑑𝑑𝑆𝑆𝑓𝑓
𝑑𝑑𝑡𝑡

= 𝛽𝛽2 �𝑝𝑝 + 1
𝜕𝜕4−𝜕𝜕2

�(𝛽𝛽1 − 𝛽𝛽4)𝑆𝑆𝑓𝑓 + (𝛽𝛽2 − 𝛽𝛽1)𝑆𝑆𝑓𝑓
𝛽𝛽4
𝛽𝛽2 ∙ 𝑆𝑆𝑓𝑓0

𝛽𝛽2−𝛽𝛽4
𝛽𝛽2 �� 𝑆𝑆𝑓𝑓, (2.11) 

𝑆𝑆𝑓𝑓(0) = 𝑆𝑆𝑓𝑓0 > 0.  

The Cauchy’s problem (2.11) is solved by numerical methods, then we find the sequence 

𝑆𝑆(𝑡𝑡) and 𝐼𝐼(𝑡𝑡). 

When 𝛽𝛽4 = 𝛽𝛽2, then from (2.10) we find 𝑆𝑆𝑓𝑓(𝑡𝑡)), from (2.9) 𝐼𝐼(𝑡𝑡) and from (2.6) 𝑆𝑆(𝑡𝑡). 

 

Conclusion. New mathematical models considered that describe the early stages of the 

spread of SARS-CoV-2 Virus. In the first model, two groups of people are considered: those 

without healthy immunity; asymptomatic infected. In the second model, three groups of people 

are considered: those without healthy immunity; asymptomatic infected; identified infected. 

In the first model, the infectivity variable coefficient is taken as a linear incremental 

function of two unknown function variables. The first integral is obtained. Cauchy’s problem 

is solved exactly. In the second model, in the case of constant infection coefficients, the first 

two integrals of a three-dimensional dynamic system are found and the problem is reduced to 

the Cauchy’s problem for one unknown function. 
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