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Abstract. The paper discusses new mathematical models that describe the early stages of
the spread of the SARS-CoV-2 virus. The first model considers two groups of people: without
healthy immunity and asymptomatic infected. The second model considers three groups of
people: without healthy immunity, asymptomatic infected and detected infected.

In the first model, the infectivity variable coefficient is taken as a linear incremental
function of two unknown function variables. The first integral has been obtained. The Cauchy’s
problem is solved analytically exactly. In the second model, in the case of constant infection
coefficients, the first two integrals of a three-dimensional dynamic system have been found and

the problem is reduced to the Cauchy’s problem for one unknown function.
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Introduction. It is of great interest to predict the extent of the epidemic by creating
appropriate mathematical models [1]. Mathematical and computer models of the possible
spread of infectious disease, in particular malaria, are discussed in [2].

Since the beginning of 2020, the incurable infectious disease COVID-19 has spread
around the world, which has already killed many people and changed the world (economy,
development rate, etc.).

Naturally, at this stage, several vaccines have already been developed that have different

probabilities (percentages) of acquiring immunity to a given disease, but not complete
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immunity (100%). In many scientific centers, attempts are being made to create mathematical
models for predicting the extent of the spread of this infection.

To predict the scale of the spread of COVID-19 epidemics, the synergistic approach of
scientific research of this multifaceted problem has become relevant, one of the initial stages of
which is the creation of a mathematical model describing the spread of infection, based on the
principle from relatively simple (description of the initial stage) to more complex (accounting
for all groups of people) [3]. Building a mathematical model for the spread of the virus SARS-
CoV-2 and solving the mathematical problem will allow, taking into account the lockdown and

vaccination, to develop a protocol by which the economic losses of the state will be minimized.

§ 1. First mathematical model. Exactly solution of Cauchy’s problem.

Consider the first mathematical model (two groups)

BO — _p(S(t), 1), SO

ar , 1.1
T8 = B, LOSOIE®) D
S(0) = S,, 1(0) =1, (1.2)

where S(t) is the number of people without healthy immunity at a t time; I(t) is the
number of people asymptomatic infected at a t time.
It is natural to assume that the infection rate is an incremental function of two unknown

functions

9B

£>0,

9B
>0, (1.3)

Let us take the infectivity coefficient as a linear function of two unknown functions.

B(S(t),I1(t),t) = a+ bS(t) + cl(t). (1.4)
That first integral (1.1), (1.2) is written as follows:
I(t) +S(t) =const =p =1, + S,. (1.5)

According to (1.3), (1.4)
b>0,c>0. (1.6)
The first integral (1.5) put in (1.1), (1.2) and we get the Cauchy’s problem:

di() _ _ B
{ i [a+ bp + (c — b)I|(p I)I. (1.7)
1(0) =1,
Whose exact solution (1.7) will be recorded as follows
(b—c) a+bp+(c—-b)I(t) . 1 p—I(t) 1 lni _¢
(a+bp)(a+pc) a+bp+(c—-b)Iy p(a+cp) p—1Iy pla+bp) Iy v
b—c 1 1
a+bp+(c=b)I(®)|(a+bp)(a+pe) ( P—lo \p(a+pc) | (1) \pla+tbp) _ ¢
[ a+bp+(c-b)l, ] (p—I(t)) ( Iy ) =€ (1.8)
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Consider special cases
a.a=0, b=c.

Then from (1.8), (1.5) we can get an exactly solution

_ ploebpzt _ PSo
1) =5 o SO = 5w (1.9)
b.a#0, b=c.
The exact solution (1.8), (1.5) has the form
_ ploep(a+bp)t _ pSo
I(t) - So+10€p(a+bp)t' S(t) o So+Ioep(a+bp)t. (110)
c.a*0, b+#c ab,c = const.
Consider the case a = (b — 2¢)p.
Then from (1.8) we get
a+bp+(c—-b)I(t) . So_ 2 @ _ _2(b—=c)tp?
a+bp+(c—b)iy (S(t)) Iy € ) (1.11)
Then from (1.11) for the function I(t) we obtain the quadratic equation
3 _ 919200\ ;2 2pa14z210 ; _ 9291P%lo _
(c-» 2 )12+ (a+bp + o~ )1 Bl -, (1.12)

where
g1 = a+bp+ (c—Db)l, q,=e?P’®=t g4 hp=2p(b—c),
G1=2pb—c)—b—-c)ly=b—-c)2p—1,) = (b —0c)(2Sy + I).
Consider a particular case of infection rate
B(t,S©),1(1)) = a(t) + b(O)S(E) + c(DI(2), (1.13)
b(t) = c(t), B(t,S(©),1(8)) = a(t) + b(O)(SE®) +1(8)) = a(t) + b(O)p. (1.14)
Then we get from (1.1), (1.2), (1.5), (1.14)

ploeP Jo(@®+pb(©)d

I(t) = , 1.15
© Sy+1geP Jo(@®+pb(D)at (1.15)
S
S(t) = fo .
Sy + IeP lo(a@®+pp()at
§ 2. Second mathematical model. Exactly solution of Cauchy’s problem.
Consider the second mathematical model (three groups)
ds
BO — —B (DSF(DSE) = BOSDIE)
dsg(t)
T= = B (0)S(D)S(1) , @.1)
dl
2O = By ()5, ()S(®) + B (DSOI(E)
5(0) =Sy, S¢(0) =S5, 1(0) = Iy, (2.2)
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S(t) — is the number of people without healthy immunity at a t time;
S¢(t) — the number of people asymptomatic infected at a ¢ time;
1(t) — the number of people identified infected at a t time.
Consider a particular case
B2(6) + B3(t) = B1(1).
Given the initial stage consideration, it is logical to assume
5(0) =Sy, S¢(0) =S, >0, 1(0) =0.

Consider the case of constant coefficients

ds
— = —B15Sr — B4SI
dS
dt = F255 ’

(2.3)

(2.4)

(2.5)

Adding all three equations of system (2.5), taking into account (2.4), we can obtain its

first integral
S@) +S(@) +1(1) =S+ 5, =p,
p1 = Bz + Bs.
The second first integral when, 5, # B, is obtained by considering (2.6)

1 Ba B2-B4
S =p+ Gty (Br — Ba)Sg + (B2 — B1)SfP2+ S, F2

Ifﬁ4 = ,82, then

By StSf-p By StSf-p B2 P~5-S¢ B2 1
_ By— N _ By S — B3 S — 335
Sy =Spe P N =Spetrh °f =Spe” °f  =5pe"

or

B3
mo_%@z()“ 25O In L2,

And S (t) function is solution the following Cauchy’s problem

dSe(t) Sg(®)
10— 5,50 |p - 50 - 25,0 L2
fo 1.
which can be solved by numerical methods.
Thus, when
B1 = B2+ B3, Ba # P2,
S(t) + S:(t) + 1) = So + S, = p,
B2-B4
S =p+ (Br — B)Ss + (B2 — /31)5}32 Sp, Pz |,

ﬁﬁz
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Ba B2-B4
% = B, {P + B;ﬁz [(ﬁ1 — Ba)Sy + (Bz = B1)SfP2 - Sp, 2 ]}Sf' (2.11)

The Cauchy’s problem (2.11) is solved by numerical methods, then we find the sequence
S(t) and I(t).
When S, = B,, then from (2.10) we find S (¢)), from (2.9) I(t) and from (2.6) S(t).

Conclusion. New mathematical models considered that describe the early stages of the
spread of SARS-CoV-2 Virus. In the first model, two groups of people are considered: those
without healthy immunity; asymptomatic infected. In the second model, three groups of people
are considered: those without healthy immunity; asymptomatic infected; identified infected.

In the first model, the infectivity variable coefficient is taken as a linear incremental
function of two unknown function variables. The first integral is obtained. Cauchy’s problem
is solved exactly. In the second model, in the case of constant infection coefficients, the first
two integrals of a three-dimensional dynamic system are found and the problem is reduced to

the Cauchy’s problem for one unknown function.
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SARS-CoV-2 306mL0b 25360390900 Lafigobo LEooob smdfgMo
363693030 3501995303)M0 MG 9dO

09976 Bognshsgs 359-583b5BgmolL 39360969050 535009300L
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ps&dmsogobs  3bod-s0bsbgorol  d956096985005  83509000L  0¢ros 39395l
b569¢n@80b J500985¢90,30L 0bbHOHIHIS

BLBHMJBH0. 930©gd00l  493M3gegdol  FobdEddOL  3GMMABMBOMYdOLIMZOL
O  36033690mg5605  Tgbsdsdolo  FvmgdsBHozmo  dmgergdols  d9dbs.
0633943000 ©99350gd0l,  39MdM©,  FoEs®ool  Tgboderm 93039 gdOUL,
36O MbMHB0oMGOOL Fo09953)03MM0 s 3MI30v)EJOHE0 MY GdO gobbo s 2011
Dol . BoooBogol. b, agwsdol, 3. dodogméol bsdemdgddo. 2020 fevols
3L5HYoLOD ALMBWOMTO Q53MEFIXES 39M9A0 06939J309MO 9350 gds COVID —
19, ®m09erdsi 9339 093600 530560 Fgofiods s Fg33ses Jbmxzerom (93mbmdogss,
39630056900l ¢9d30 s 5.9.).

0169060305, ™I 53 93o3Yg 339 99Jdboos M6dYbodg 35J30bs, HMIgEwmss
5930 9m3930 93500900l 0T 03MmboEgEOL 89d9bol Lbgoaolbgs sedsmmds
(30m3963H900), 353653 565 LOHo 0dMboBgEHo (100%). d936 Lsdgisboghm 39bGH®T0
300wMd96 99Jdbsb 53 06539300l gogcMEgegdol AslidEHedgdol 3MMAbmboMgdols
9539353032900 dm©ggdo.

BsdO™MIdo  Q9BboEMos  sbowro  Fomgds@o3emo  dmEgergdo,  OHMIGdIOE3
S0f9M9b 296033990  06939J30MH0 993500 Yd9d0L, dom  dmeolL, COVID-19,

393039 gd0l 5@ BES©OsL. 30039 Mg do, sbbowreos 5sdosbgdols

184



a53myabgdomo domgds@ozs — Applied Mathematics

MO0 XaB0: XBIOMIwo 03mboGgEHol s03Jmby; MLod3GHMIm 0bxgoEoMgdmgdo.
dgmeg  9mgwdo, AsbboEMwos  5sd0sbgdol  Lsdo  xamBo:  xsbIGMgEo
099bo@gBolb  96M3Jmbgy;  MLoA3GHMIM 0680306 MWwgdo;  godmzergboo
0bgooMgdmwgdo.

306039  3mEIwdo, ©0bRBOE0MIOOL  (33¢9©O  3MIRB0E0I0GHO  vMgdMWO.,
OMaMO3 M3bMd0 MmMHo BMbd300L (33sol HHR030 BOHIO BMBJ30s. Fowgdwos
306390 0b6@9Moe0. 3ol 5dm3Esbs 5IMbLB0W0s 565¢0BMEMs© BMLES.

9dgm69 dmE9gdo, s0bxozomgdol dmdogo 3m9n030963GHgo0L dgdmbggzsdo,
653m36005 LoFgobBMB0Egd0560 E0bsT03MMO LOLiEgdol MM 30M39w0 0bEJYMIEO s
59m3965 0994356005 3ol 53M(35659 9O MEbMdO BMbJz00LsmMz0L.
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