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Abstract. New mathematical and computer models for the spread of the SARS-Cov-2
virus have been proposed, based on the epidemic control protocol adopted by the Georgian
authorities. The task is to control the fight against the epidemic taking into account vaccination

with temporary immunity.
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1. Introduction. Modeling the processes of the COVID19 pandemic caused by the
SARS-CoV-2 virus is of great interest. And this is natural, the pandemic claimed many lives,
increased the number of people with various diseases, worsened the well-being of people, and
more. At the first stage of the fight against COVID19, the main means were organizational
restrictions, medical masks, etc. Sometimes it was necessary to announce a complete lockdown
in the state. This gave a positive result - the minimum number of cases and deaths of the new
corona virus. However, lockdown turned out to be too expensive and the budget of the countries
suffered greatly. Replenishments to the treasury fell catastrophically and funds for social needs,
including the treatment of those infected with the new virus, were not enough. To improve the
economy, the lockdown was lifted, but as a result, the number of people killed and infected
increased. In this case, patients are also treated at public expense. Thus, financial costs are high
even in the absence of a lockdown.

Thus, the task is to make a decision and it is necessary to determine to what extent and
how quarantine measures should be applied so that there is no sharp peak in morbidity and the

country's economy avoids a crisis. It is necessary to solve the problem of managing the safety

201



3M330gGgtrmo dg3bngMgdgdo — Computer Sciences

of life of the population and the economy of the state. After the possibility of vaccination of
people appeared, the task of managing the safety of life of the population and the economy of
the state did not become less urgent. Partly because there were not enough vaccines, partly
because of the anti-vaxxer movement, partly because the vaccines were less effective than
expected.

The task of managing the safety of life of the population and the economy has been
improved as new funds and knowledge in the fight against the pandemic were obtained. The
safety management problem without vaccination has been addressed in [1], with vaccination in
[2]. However, in [2], it was assumed that the vaccinated people did not get infected with the
virus, but in reality, as recent studies show, this is not the case, the number of infected
vaccinated people is considerable. Therefore, in this work we will try to pose and improve the
task of managing the safety of life of the population and the economy, taking into account the
vulnerability of vaccinated persons.

As a basis for constructing a mathematical model for the spread of SARS-Cov-2, a
protocol developed by the Georgian health care system was adopted, which are binding on all
authorities of the country. When constructing the model, the ideas outlined in [3-6] were used.

2. Business logic of the epidemic control process. Let the number N(t) of citizens be
in the country at a given timet. At the same time, a number N, (t) of citizens are entering the
country. According to the protocol, all of them should be sent to places designated for
quarantine - hotels, sanatoriums, rest homes, etc. However, let's say that not all arriving citizens
are transferred to quarantine; some managed to somehow avoid this. That is, @, (t)N,(t) of
the citizens N, (t), they were quarantined, but a,,(t)N,(t) quarantine was avoided. We have
No(t) = ap1 ()N (t) + apy (t)N,(t). Or 1 = a,(t) + a,,(t). Note that there is a group of
people entering the country - E, a group that is in quarantine - Q. Let N, (t) the number of
citizens be in quarantine at the momentt. After some time, a certain number of people whose
test-in-law will show a positive result for the presence of the SARS-Cov-2 virus is transferred
to a hospital for treatment - they are infected, and there is documentary evidence of this, we
will designate this group of people by I. Let the number of citizens Ng;(t) be sent from

quarantine for treatment at ¢ the moment, and the number of citizens N (t) is released from

quarantine and they replenish the group of citizens - HS specifically, into groups of healthy
people without immunity H - their number is Ny (t). After treatment from the group I of
recovered patients, I replenish the group of healthy HI - people with immunity, their number is
Ny,; (t), unfortunately, a certain number of patients Ny; (t) cannot be saved. The group of those

who died from the virus will be denoted by D. Note that in addition to knowingly infected
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people, in society there is a group S of sick people carrying the virus, but there is no
documentary evidence of this, the number of these people will be denoted by N, (t). It is the
members of the group N, (t) who are the main distributors of the virus, they freely contact with
members of the group of healthy people without immunity - H, in which N, (t) citizens
infecting them. The complexity of the situation is that the relevant authorities do not know
exactly the number of these people, but also the distributors of the infection themselves. Note
that a group HS is a union of groups H andS, N;(t) = N, (t) + Ng(t).

Epidemiological services identify infected people Ny;(t) from the group S and transfer
them to hospitals for treatment, thereby replenishing the group/. At the same time, the circle of
their contacts is determined, even in the number of people N,(t) from the group HS and they
are transferred to quarantine, replenishing the group Q, respectively, Ny, (t) from the group H,
and Ny (t) from the group S, N, (t) = Ngp(t) + Ngs(t). Unfortunately, the group S also has a
case of death from a virus, let us designate their number through N 4 (t), which replenish the
group D. We will assume that people who have recovered from the new corona virus acquire
immunity but can become infected again. When vaccinated, people from group H go to HI.
Those. in the process of vaccination of people from the group of healthy people without
immunity, the vaccinated people from H go to the group of healthy people with immunity HI.
then we denote their number at the moment t of time by Ny;(t).

According to recent reports, despite vaccination, some members of the HI group,
communicating with members of the S group, may be infected. Therefore, some of them are
sent for treatment I, and some in quarantine Q. Note that the number of members of groups E,
Q.I, HI, D, HS is known at any given time. However, the exact number of members of groups
H and S, respectively, is not known. Meanwhile, contacts of members of groups H, HI and S
can worsen the epidemiological situation, as patients from S can infect healthy people from
Hand HI. Let's build a scheme for fighting the epidemic and its business logic in the form of a
directed graph:

Fig. 1 Directed graph of the fight against the epidemic
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3. Building the model. In the oriented graph in Fig. 1, the arc EH has @, (t)N,(t)
weight and the arc ES has a,,, (t) N, (t) weight. The fact is that some citizens who have entered
the country and who have not been quarantined can be both healthy and infected - sick. Their
exact number is not known, but it is known that ., (t) + a2, (t) = a.,(t). But together they
make up the HS = H U Sgroup, an amalgamation of the H and S groups.

The rate of change in the number of a group of healthy people without immunity - N, (t)
from a group Hdepends on the intensity of: contacts between group members Hand S;
replenishment of a group Q from a group H of people N, (t); replenishment of a group H from
a group Q of people Nj.(t), replenishment of a group H from a group E of people N,(t). The
indices of the coefficients and the number of transitions from one group to another are indicated
in the order - the receiving group, and then the decreasing group. For the quarantine group Q,

in this case, the symbol c is used, in other cases - q. Therefore, we have:

- . = athhc (t) + aheh (t)a(le (t)Ne (t) - ach (I)Nch (t) - ahx (t)Nh (t)N_S (t) - avuc (t)Nh (t) (1)
where a., (1), ap.(t), a,,, (t), ane(t), ans(t), ayq.(t) the corresponding coefficients. The rate

of change in the number of a group of healthy people with immunity - Np;(t) from the group
HIdepends on the intensity: recovery of patients from the group I (increases), vaccination in
the group H (increase), contacts between group members HI and S (decreases) - while part of
the group HI goes into the group @, and part into group I. As a result, we get:

dN,, (¢

;—t() = aihi (t)Nt (t) + avac (I)Nh (t) - aq:hiNs (t)Nht (t) - aishiNs (t)Nhi (Z)

In a similar way, one can write out relations similar to (1) and for the rate of change in

the number of groups Q,I,S. As a result, we get a system of ordinary differential equations:
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B g (1, 1)+ e (1) (V. (1), (1), 1) -
~a, (VN ()N, () (), 1)
D) g (08, 1)+, (Ot (N, (0, (), (1)
e (O, (), (O, (1) . (), 1),
W) (N, ()N 1)+ ()t (). (1)~
@ (N, (0) -, ()N, (1) e, (N, () @
D), (). (6t (), 1)~ () (1) e (1), 1) 5
Fa (NN, ()
DD _ g (1), () e (1), 1),
Pell) g (03,0t 1)V, (1) ()N, () 1)

- aixhi (t)NV (t)Nhl (t)
where, the coefficients in the system are non-negative, the epidemic is observed over a period
of time [ty; T]. In (2), the function N, (t) is known in principle - the number of arriving citizens.

At the initial moment of time t, the following are known:

N(to):Nqoa Ni(to):Nio’ Nd(to):NdO’ Nh(to)"'Ns(to):Noo- 3)

q

System (2) with initial conditions (3) constitutes a complementally mathematical model
of the SARS-Cov-2 virus epidemic.

4. The problem of managing the epidemic. Analyzing the protocol for fighting the
epidemic and its mathematical model, it should be noted that the control of the spread of
infections has special control levers. For example, by improving control over the arriving
citizens, it is possible to practically exclude the penetration of sick citizens into society,
bypassing quarantine. In the model, for example, the values of the coefficients @ 1 (t), A ey (t)
should be reduced. Also, by choosing the values of the coefficienta;¢(t), you can actually
achieve a hard lockdown, or a liberal policy of containing the epidemic. Suppose that when

selecting a5, (t) - the impact on budgetary costs is B: &5, (t) = R, and the costs of treating
the infected can be expressed throughW: ftz N;(t) dtXa,.(t) - R, then the total costs of

identifying the infected and their treatment, taking into account their minimization, can be

expressed as follows:
T (@ (1), (1) = B (1) + ([ N, (2.t (1)) > inf. @)
Functional (4) must be minimized under conditions (2), (3) and the constraint:
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B(a,, (t))=L>0. ®)

Constraint (5) means that budgetary expenditures for these activities cannot be less than
a certain amount. It is clear that we have restrictions from above - budgetary funds are limited!

Note that the functional W () also takes into account the fact that by choosing the values
of the coefficient a;¢(t) (thereby determining the level of lockdown), we actually change
financial receipts - specifically, we reduce them. Therefore, we need to minimize this value as
well.

To manage the safety of life of the population and the economy of the state, an extreme
problem of the type (4), (5), (2), (3) is considered.

In this case, another limitation appears, the purpose of which is to achieve herd immunity:

N,(T)=N,, (T)+N,,(T)=0,7N(T).

The computer implementation of the model (2), (3) and the extreme problem (4), (5) was
carried out in the MatLab environment for various values of constant coefficients of system (2),
initial conditions (3) and specific B, W functional.

5. Computer Experiment. For scientific calculations, we rewrite system (2) in the

following form, and at the first stage, we will consider the coefficients as constants:

ch/Z—lt(t):(_aqh (t)—am(t))Nh(t)+ahq (t)Nq (t)_

a, (t)N, (t)N,(t)+ . (1), (1)N,(¢),
D) (09, 0) = (1), ()N, (1), (N, 1)+
+ 0, (N, ()N, (1) +a,. (t)a, ()N, (1),
dN, (1)

;t = (—a,s (1)-a,(t)-a, (Z))Ns (1)+a, (t)N,(1)N,(t)+
+a,, (t)a,, (1)N, (1), (6)

dN;t(t) =, (f)Nv (Z)+adl (t)Nz (I),
dN:;t(t) Gy (E)N (£) @3 ()N, (1) =, (£) N, (£) N, (£)

- aixhiNv (t)Nhi (t)

We have system (6) with initial conditions (3). Function N,(t) known and in the
calculations we will assume that it is constant and equal to NE. We will take the same symbols
as identifiers of the coefficients, but we will write them in one register, for example: we will
write a,p,(t) as aqh. Note, that aqh is the measure of influence (increase) on the rate of change
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in the number of people in quarantine, and the measure of influence (decrease) on the rate of
change in the number of healthy people without immunity. The interpretation of other

coefficients is similar. Let's rewrite system (6) into a convenient one for scientific calculations

in the MatLab package.

d]i}t([) = (~agh—avac)N, (t)+ ahgN, (t) -
—ahsN, (t)N,(t)+ahexae2INE,

dN;t([) =aqhN, (t)—(ahq +aig) N, (t)+asqN, (1) +
+aqshiN, (1) +agex aelNE,

df\zt(f) = (~ais —ags —ads) N, (1) + ashN, (t) N, (1) +
+asexae22NE, )

dN;t(f) = aigN, (t)+ aisN, (t) - (ahii + adi) N, (t) +
+atishiN, (t) N, (2),

d]\i;(t) = adsN, (t)+adiN,(t),

dN;t(t) = avacN, (t)+ ahiiN, (t) - aqshiN; (1) Ny (1) -
— aishiN, () Ny (1).

To assessment the stiffness of system (7), we write out the Jacobian matrix of the right

dN;(t)
side of this system - BN‘-l(tt) ,i,j = 1,6. As a result we have
]
—aqh — avac — ahsN;(1) ahq —ahsN, (1) 0 0 0
aqgh —ahq —aiq asq 0 0 aqshi
ashN;(1) 0 ashN, (t)-ais—ags—ads 0 0 0 (8)

0 aiq ais + atishiN (1) 0 0 aishiN; (1)
0 0 ads adi 0 0

avac 0 —aqshiN (1) — aishiNg(t)  ahii 0 —(agshi+aishi)N,(t)

dN;(t)
It is clear, that the determinant of the Jacobian matrix aNt-i(tt) ,i,j = 1,6 - Jacobian is equal
]

to zero, due to which we can conclude that the system (7) is rigid. Of course, it is possible to
exclude the fifth equation from system (7), and calculate the function Ng(t) of the number of
deaths from the virus by integration of functions N3(t) and N,(t) that are simple found.
However, in this case, we will adhere to the proposed complex method. To find numerical
solutions to system (7) with initial values (3), we choose the odel5c solver from the MatLab
application package. It is just designed for the solution of a rigid system of ordinary differential

equations.
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To find the numerical solutions of the nonlinear system (7), we will compose an auxiliary
M-file. In it, the system (7) is presented in the MatLab M-code, while the values of the system
coefficients and free members are also entered here. The code is presented in the listing 1:

Note, that we have notations in the listings and figures:N1 - healthy, without immunity
Ny (t); N2 - in quarantine N, (t); N3 - undetected infected Ny(t); N4 - infected for hospital
treatment N;(t); N5 - died from the virus N, (t); N6 - healthy with immunityNy,; (t).

Listing 1. Right side of the system (7)

01: % sars-sistemis marjvena mxare

02: function dNdt=sars(t,N)

03: dNdt=zeros(6,1)

04: agh=0.08; avac=0.5; ahq=0.2; ahs=0.4; ahe=0.2; ae21=0.4; ne=30;
05: aig=0.34; asq=0.02; aqshi=0.3; aqge=0.02; ac1=0.1;

06: ais=0.2; aqs=0.02; ads=0.001; ash=0.2; ase=0.2; ae22=0.6;

07: ahii=0.02; adi=0.001; aishi=0.03;

08: k11=-agh-avac; k12=ahq; c1=-ahs; bl=ahe*ae21*ne;

09: k21=aqh; k22=-ahqg-aiq; k23=asq; k26=aqshi; b2=age*ael*ne;
10: k33=-ais-ags-ads; c3=ash; b3=ase*ae22*ne;

11: k42=aiq; k43=ais; k44=-ahii-adi; c4=aishi,

12: k53=ads; k54=adi;

13: k61=avac; k64=ahii; c6=-aqshi-aishi;

14: dANdt(1)=k1T1*N(1)+k12*N(2)+c1*N(1)*N(3)+b1;

15: dNdt(2)=k21*N(1)+k22*N(2)+k23*N(3)+k26*N(6)+b2;

16: dNAt(3)=k33*N(3)+c3*N(1)*N(3)+b3;

17: dNdt(4)=k42*N(2)+k43*N(3)+k44*N(4)+c4*N(3)*N(6);

18: dNdt(5)=k53*N(3)+k54*N(4);

19: dANdt(6)=k61*N(1)+k64*N(4)+c6*N(3)*N(6);

20: end

To run the code shown in Listing 1, we use the code shown in Listing 2.

Listing 2. Running the Solver and Visualizing Solutions
1: [T,Y]=odel5s('sars',[0 10],[600 100 20 10 5 401]);

2: plot (T, Y,'linewidth', 2)

3: title ('Spread of Sars-CoV-2")
4: xlabel ('Time")

5: ylabel ("Amount')

6: legend ('N1','N2','N3".'"N4','N5','N6")
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The initial values of system (7) for N1, N2, N3, N4, N5, N6 are respectively equal to:
600, 100, 20, 10, 5, 40 units. We assume that 30 units of visitors enter the country at any given
time. Note that infected people of whom the disease is reliably known are either in the hospital
or are in quarantine. They do not spread the infection and do not exacerbate the epidemic. The
main spreaders of the infection are those people who are infected, but this is not known for
certain. Therefore, the intensity of contacts of these people with representatives of other groups
determines the level of the epidemic. If a lockdown is introduced in a country to combat the
epidemic, then its main task is to reduce the contact of members of the S group with
representatives of other groups. In model (7), (3), lockdown can be displayed by selecting the
values of those coefficients that are present in the contacts of the S group with other groups.
For example, consider the contacts of the members of the groups S and H. If a strict lockdown
is declared, then the coefficients a;¢(t) (ahs) and a,,(t) (ash) have a minimum value. If the
value of these coefficients is large, then it is natural that there is either no lockdown at all or it
is not strict. Consider two modes of dealing with the epidemic. Mode A: non-strict lockdown -
ahs=0.4, ash=0.2; Mode B: strict lockdown - ahs=0.2, ash=0.01; . Figure 2 shows the
visualization of the calculation results for mode A, with the values of the coefficients indicated

in lines 4-9 of Listing 1.
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Fig.2. Significance of virus spread indicators during non-strict lockdown
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Obviously, with a non-strict lockdown, the number of infected people in clinics is
constantly growing and a collapse of the healthcare system may occur. Let's carry out scientific
calculations for a strict lockdown. The values of all system coefficients (7) will be the same as
in rows 4-9 of Listing 1, except for two: ahs=0,2 and ash=0,01. Figure 3 shows the visualization

of the calculation results for mode B.
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Fig.3. Significance of virus spread indicators during strict lockdown

As you can see, with a strict lockdown, the number of infected people in hospitals is
almost constant and not high. The collapse of the health care system is expected. However,
for complete objectivity, one should calculate the so-called, price for modes A and B. I.e. how
much will the implementation of the models cost the country's budget. In the general case, it
will solve the problem of optimal control (4), (5), (7), (3).

6. Conclusions. A computational experiment carried out on a computer model built on
the basis of a mathematical model (2), (3) with constant coefficients allows us to conclude that
by choosing the value of the parameters and, it is possible to select such a number of infected

citizens, in which the economy does not need a lockdown, and the forecast recovery of those

infected with the SARS-CoV-2 virus is favorable.
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3LEGHM3d30. LAHOE05d0 F9IMMH35H9dm0s SARS-CoV-2 306H¥LOL gogt39egdols
Sboeo  Jomgdo@03zMMo s 3MI30MEHIMMEo  IMmEYEgdo, MHMIWGIOE  93JONI0S
Logom3germl  bgolnwgdol  doge  doEgdwo  930©Gdoslmsb  dGdmerols
3OMGHMIMEOL 3om3zs¢olfobgdoom. dm99gddo 2390035¢00L{0bgdmE0s
9065303009008  Jgdmbgzg3900  039boBsgooLs ) oIBHBOWO WI9350 YdOL
90bgo35.  G0MIONI0s  SMMRBOZ,  9M9GOMY39MMZ6 OFRIMBE0sW G
3906@Mgdsms LOLEBHYIS (33090 3MIBO(B30GBEHJO0MS S Lsfyolbo 3603369 MdYdO.
390m0035H90 3500935@036 8t do 250MmymR0e0s BsdsMmMOz0 356539EHMYO0
J39996580  ™m3960l  FoMdoMm30L  BaoLbOL  gom35eolfjobgdom. LI
330050 JoMM30L 53Mm3965. J0BbOL FMbd305 553519l B0bIBLLIG IBIBIGIXGOL
©M3obols @y 9309300l bbgosbbgs bobosmol dgdmbggzsdo. m3EGH0dsGmo
59m 3560l 53mblbol 999 dglodEgdgeros 8900l M 3sMbBol 0ligmo 39M06EG0,
HMIol 390939053 96 bgds 1YdgEoEObM LoLEBHYIOLS s Labgadform domxgEol
3M5x3L0, 535BMb, IS FMBbEgMBOL MLsBOHMbMYdS.

39BboMmos s  J9IM3IZWINWO0S 53900 Bomgdo@0l3Mo  Imgerols
91008033095803096@ 900560  356056@0.  FgLodsdobo  3m330BHIOHMIWo  IMOYWO
50fgmowos MatLab-ol (Gomodol) M-gbsbg s Bo@o6gdnmmos 30830993 9MH o
99b396009630.  WM3sMbol  LbgsIlbgs  Mg508900Lm30L  bodmzbos  0bggdizool
3936039 gdol 35639690 gdol 8603369 mdgdo-:  3w0bozgddo 353096900,
3960563 0bdo dgmxzmos, xsbdMmgwo 0dmbo@g@ol 8mby doMmms, 0bxgoEo®mgdIms,
A39MOI(33L0MS M5MOYbMdS.
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